In this work we investigate the stability properties of a convex symmetric timeinvariant third order matrix's polytope depending on a real positive parameter r. We apply the obtained results to the calculation of the real stability radius of a third order matrix under a certain class of affine perturbations.
Introduction
In Control Theory robustness plays a very important role. This property is a determining factor in the behaviour of plants and their aggregates. Because robustness takes into account the uncertainities that appear in the process of mathematical modelling phenomena of any type, it ensures efficiency in the construction and introduction of the flexible systems of production. Besides, a basic problem of robustness analysis is to determine to which extent the stability of a given stable system is preserved under various types of parameter perturbations. The work [Nic98] analyzes the absolute stability problem of an automatic control system of the form:
Σ u :ẋ = A 0 x + bu(t), 1. That the perturbations v be time-invariant. In this case the stability of the system Σ v is equivalent to the stability of interval matrices of the form:
The elements of the j-th column of A are related by the parameter v j which varies in a symmetric interval.
2. That the perturbations v be time-varying, then the stability of the system Σ v is equivalent to the stability of the differential inclusion (see [But85] ):
In [Nic98] the stability properties of the system Σ v are given by the next 
for the following finite set of values: For i ∈ {1, 2, 3} and
b) In other cases the third inequality must be satisfied for the following values:
a i , i = 1, 2, 3, represents the i-th column of the matrix A. Here and in the sequel by (A) ij , i, j = 1, 2, 3 will be denoted the i, j-minor of the matrix A. In iii) the elements of the matrix C and the vector d are combinations of the elements of the matrix A and the coordinates of the vector b.
The previous theorem is a necessary condition too for the stability of the differential inclusionẋ = F (x), with the set F (x) as above.
In the current note our aim is to derive the stability properties of a class of families of third order time-invariant matrices that take their values in a convex and symmetric polytope which in turn depends on a real positive parameter whose variation represents an expansion or a contraction of the polytope. The stability properties of these families are given in terms of the mentioned parameter, and the analyzed polytope is an extension of the third order matrix intervals considered in [Nic98] (stationary case).
The results obtained are applied to the calculation of the real stability radius of a Hurwitzstable matrix A ∈ IR 3×3 under affine time-invariant multiple perturbations of the form
. Moreover, we compare our new method with the existing possibilities for the calculation of the real stability radius of the matrix A ∈ IR 3×3 under structured perturbation. As quantitative indicator of robustness stability radius has been introduced in [VanL85] , [HinPri86] , [HinPri86a] and it is a measure of how large may be the perturbations that conserve the stability of the system. The paper is organized as follows: In the next section we formulate the problem and define the number r * (A, (B i ) i=1,4 ) that plays an important role to reach our purpose. In the Section 3 we calculate the above mentioned number and lastly (Section 4) we compare the obtained results with other tool of robustness analysis.
Formulation of the problem
Let A ∈ IR 3×3 be a Hurwitz-estable matrix, i.e. the spectrum σ(A) of the matrix A belongs to the set I C − = {λ ∈ I C : (λ) < 0}. Let B i ∈ IR 3×3 , i = 1, 4, be not all null-matrices and have the form
3×1 is a constant vector, and the vectors v (i) ∈ IR 3×1 , i = 1, 4, have the coordinates:
Obviously rk(B i ) = 1, i = 1, 4 ( by rk(M ) we denote the rank of the matrix M ). Let us to consider for each number r > 0 the convex and symmetric polytope depending on parameter r and formed by time-invariant matrices:
, r) we formulate the following problem: Find the values of r > 0 such that the convex and symmetric polytope ℵ(A,
We denote by:
, r) contents at least one unstable matrix}.
If we determine the number r * (A, (B i ) i=1,4 ), the stated problem will be solved because the family ℵ(A,
3 Calculation of the number r
In this section we study the stability of the family ℵ(A, (B i ) i=1,4 , r), for this purpose we use the well known Routh-Hurwitz criterion (see [Lan69] ). First we introduce the following definitions.
r) is stable if and only if all matrices
With the matrices A and B i , i = 1, 4 we form new matrices depending on real parameter r:
and with their, in turns, we form a new family
then, by the Routh-Hurwitz criterion, the considered polytope is stable iff the following inequalities hold:
Now we introduce the following notations: 
and the transformation
where β ∈ IR 3×1 , G ∈ IR 3×8 and γ ∈ IR 8×1 . At this point, considering the inequalities (2), and using the notations (3), we can formulate the next theorem for the stability of the polytope M (r).
Theorem 3.3 Let A ∈ IR
3×3 be a Hurwitz-stable matrix, let be B i ∈ IR 3×3 , i = 1, 4, the matrices defined in Section 2. Then the time-invariant polytope M (r) is stable if and only if
where the numbers
) are the solutions of the following optimization problems
Proof: If we apply inequalities (2) to the considerd polytope, it is obtained that M (r) is stable for all r > 0 such that the inequalities trA + ξ T β < 0, det A + ρ T β < 0 and g + χ, β − β T ηξ T β > 0 hold. So the theorem's statement is a direct consecuence of the Definition 3.2 and the continuity of the LHS in the inequalities (2) like functions of the parameter r. Finally, the equality in the expression (4) is due to Definitions 3.1, 3.2 and definition of the number r * (A, (B i ) i=1,4 ). ♦
Remark 3.4 The proved Theorem 3.3 is a necessary and sufficient condition for the stability of politope M (r). The theorem is a necessary condition too for the stability of the corresponding time-varying polytope (M (r))(t). The polytope M (r) contains the set
A when r = 1, then if r * (A, (B i ) i=1,4 ) > 1 the corresponding system Σ v will
be asymptotically stable (in the case when the perturbation v is time-invariant).
In the two lemmas that we prove bellow, we calculate the numbers π 1 (A, (
, which let us to obtain the number r * (A, (B i ) i=1,4 ).
Lemma 3.5 Let A ∈ IR
3×3 and B i ∈ IR 3×3 , i = 1, 4, be matrices that satisfice the conditions of the Theorem 3.3, then: Proof: (i), (ii) are linear programming problems, so their solutions are reached in the vertexs A ± rB i , i = 1, 4 of the polytope M (r). That is equivalent to looking for the smallest positive root of the algebraic equations:
where ω = (ω 1 , ω 2 , ω 3 ), that is to say 
and k * is the root of smallest absolute value of the equation Φ(k) = 0, 
where
Apllying the necessary extreme condition to the function L(γ, λ) given in (5), we obtain the following algebraic equations system:
In the system (6) we consider λ 9 = 0 (in other case the problem lacks of interest) and we write it in the form:
The system (7) has solution when Λ ∈ Im(G T ), i.e. Λ = G T h, h ∈ IR 3 . We can rewrite the system (7) as follows:
¿From the last equation we have that:
and we obtain directly 2ηξ
by virtue of injectivity of the linear application G T : IR 3 → IR 8 . So, every solution of the equation (8) is solution of the equation (9) too and vice versa. Now consider the equation 16ηξ
If β is solution of (10), then γ = G T β is solution of (9) by virtue of the relationship GG T = 8I 3 , where I 3 is the unit matrix of third order. Let us to look for the solution of (10). Such solution will exist if the vector χ+h is multiple of the vector η: χ + h = kη, k-constant. Then, in place of (10) we have:
We look for a particular solution of the equation (11) in the form: β = sξ. By (11) it is obtained that
But we must find the general solution of the system (8). Taking into account that, by virtue of equivalence beetwen the systems (8) and (9), G T β is a particular solution of (8) and the general solution that we want has the form:
We have transformed the problem iii) with cuadratic restriction in a new linear programming problem. Concretely:
By change of variables W j |k| = u j , j = 1, 8, the above problem is transformed in a new problem:
Here we need to consider the cases k > 0 and k < 0, however it is sufficient to solve one of it because the solution for k coincides with the solution for −k. At this moment we can calculate W j = |k|u j , j = 1, 8, and thus the coordenates of the vector γ. The value of the parametr k is obtained from the fact that γ must satisfy the restriction f 9 ( γ) = 0 corresponding to the problem iii), that is to say, we obtain that k is the root of samllest absolute value of the polynomial Φ(k), denoted by k * . ♦
Obviously, in accordance with definition of real time-invariant stability radius and definitions of the numbers
In the next we expose in an example how to apply the results obtained.
Example 3.7
By the other hand ξ T = (−1, −2, 1), η T = (7, −2, 1), χ T = (67, −2, 1), g = 60
In the new variables we need to solve the following linear programming problem:
The solution is U = 
where the matrix A ∈ IR 3×3 is Hurwitz stable. Joining with the system (12) we consider the perturbed systemẋ
, represents the uncertainity of the perturbation. Let us to put C = diag(v
3 ) and ∆ = [δ 1 , δ 2 , δ 3 ], hence we can rewrite the perturbed system (13) in the form:ẋ
In the system (14) the uncertainity in the perturbation is represented in the form
i , |δ i | ≤ 1 (recall that we consider the values v (0) i known). As perturbation norm we use infinity norm such that ∆ ∞ ≤ 1. By Proposition 4.2 an algorithm may be obtained in order to calculate the stability radius, but in order to solve the above extremal problem the great difficulty is related with the determination of the sign, respect to α, of each of the polynomials on variable ω. The new method that we propose is more simple than the above way, and it would help in the problem of computing the real time-invariant stability radius for the studied perturbation class with bigger rank, i.e. rank 2 and 3.
